The basic idea of the LQC applies to every spatially homogeneous cosmological model, however only the spatially flat (so called k = 0) case has been understood in detail in the literature thus far. In the closed (so called: k=1) case certain technical difficulties have been the obstacle that stopped the development. In this work the difficulties are overcome, and a new LQC model of the spatially closed, homogeneous, isotropic universe is constructed. The topology of the spacelike section of the universe is assumed to be that of SU(2) or SO(3). Surprisingly, according to the new results achieved in this paper, the two cases can be distinguished from each other just by the local properties of the quantum geometry of the universe! The quantum hamiltonian operator of the gravitational field takes the form of a difference operator, where the elementary step is the quantum of the 3-volume derived in the flat case by Ashtekar, Pawlowski and Singh. The mathematical properties of the operator are studied: it is essentially self-adjoint, bounded from above by 0, the 0 itself is not an eigenvalue, the eigenvectors form a basis. An estimate on the dimension of the spectral projection on any finite interval is provided.
Introduction
Loop Quantum Cosmology is the Loop Quantum Gravity 1,2,3 [21, 20, 2] motivated approach to the quantization of the symmetric cosmological models. It was started by Martin Bojowald 4, 5, 6 [8, 9, 10] . The simplification used in the quantum cosmological models framework consists in reducing the phase space of the full theory to the finite dimensional phase space of degrees of freedom of a given cosmological model. That idea had been applied long before the LQC 7,8 [17, 18] . The new strategy introduced by Bojowald is to maintain in the construction of a quantum cosmological model the structure of the Loop Quantum Gravity 1 . The homogeneous, isotropic case is best understood these days. Already the first calculations 9,10 [12, 11] provided qualitatively new insight into the quantum structure of spacetime near the event classically known as the Big-Bang singularity. The evolution of the scale factor appears to be quantized, and no singularity emerges when the scale passee 0. The more careful implementation of the full LQG 12, 13, 14 [1, 4, 5] -in particular using the minimal quantum of 2-area 11 [3] -lead finally to the improved model of Ashtekar, Pawlowski and Singh 15 [6] . The key difference between that model and the previous ones is that each step in the resulting quantum evolution increases the 3-volume of the spacelike slice by a fixed, always the same, amount. That emergence of the elementary quantum of volume is a purely dynamical effect -the eigenvalues of the kinematical quantum volume operator take all the possible values from 0 to ∞.
The outlined result of Ashtekar and collaborators concerns the spatially flat case of the homogeneous, isotropic universe (so called k=0 case). Whereas the basic ideas of the (improved as well as unimproved) LQC approach easily apply to the closed (k = 1) or hyperbolic (k = −1) cases 16 ,17 [14, 22] , some technical difficulties were actual obstacle in completing the quantization task. In this work we overcome the difficulty and construct the LQC model of the spatially closed, homogeneous, isotropic universe. The topology of the spacelike section of the universe is assumed to be that of SU (2) or SO (3) . The significant result is that the quantum hamiltonian operator of the gravitational field (that is the gravitational part of the scalar constraint) takes the form of the difference operator, where the elementary step is again the quantum of the 3-volume derived in the flat case by Ashtekar Pawlowski and Singh. Next we study the properties of the quantum hamiltonian operator defined in the kinematical Hilbert space of gravitational degrees of freedom. We show this operator is bounded from above, is essentially selfadjoint on its natural domain and its self-adjoint extension has trivial kernel. The Hilbert space admits decomposition into subspaces preserved by the operator, so called super selection sectors. In each of the super selection sectors the operator has a discrete spectrum. The difference between the SU(2) and SO(3) cases consists in different values of the parameter used through out the work (see the discussion in last section).
In this work we are concerned with the gravitational field degrees of freedom only. The full model should be defined in the tensor product of the Hilbert space we consider below and the Hilbert space of a given matter field excitations. Then, the full hamiltonian is the gravitational hamiltonian plus the matter term. The results established in this paper still apply to the gravitational part of the hamiltonian operator. They will be used in the next paper
18
[15] to provide exact analytic approach to the full quantum 1 See review 26 [13] scalar constraint equation.
In the meantime, Ashtekar, Pawlowski, Vandersloot and Singh
19
[7] have also constructed the LQC model for the spatially closed, homogeneous, isotropic universe. The gravitational parts of our models are equivalent (except that we are not sure whether or not 19 [7] admits the SO(3) case, but that is not a big deal) including the factor ordering in the quantum hamiltonian operator 2 . Moreover, the APS model includes the massless scalar field and their work contains the full quantum solution.
Kinematics

The Ashtekar connection variables
We consider now the Ashtekar phase space for spatially homogeneous, isotropic cosmologies. We will focus only on the case k = 1, where the symmetry group S has the same Lie algebra as the isometry group of the round, 3-dimensional sphere S 3 . We assume, the underlying manifold G admits the structure of a Lie group, either SU(2) or SO(3). We fix on G either of these Lie group structures. The symmetry group S takes the form S = G × G, where the left/right factor acts on G by the left/right action.
The Ashtekar phase space Γ S grav of the gravitational degrees of freedom of the cosmologies considered in this paper is a subspace of the space Γ of pairs (A, P ) of fields on the 3-manifold G, where A is an su(2) valued 1-form and P an su(2) * valued vector field of density weight 1. A pair (A ′ , P ′ ) on Σ is said to be spatially homogeneous and isotropic or, for brevity, symmetric if for every s ∈ S and for every x ∈ Σ there exists a neighborhood U x and a gauge transformation g :
on U x . An example of a symmetric pair can be constructed as follows. Let
where ω MC ( the Maurer-Cartan form) is a Lie algebra isomorphism which maps the Lie algebra of left invariant vector fields on G into the Lie algebra su (2) . Let
hence e MC is a left invariant vector field on G taking values in su(2). To turn it into a density, let us fix an invariant scalar product η in su(2), η(ξ, ζ) = −2Tr(ξζ). 2 We thank Abhay Ashtekar for the hint It induces, in a natural way, a left and right invariant metric tensor o q on G. We will use the density of the weight 1, namely
An important geometric fact is, that for each symmetric pair (A ′ , P ′ ) there is a globally defined gauge transformation g : Σ → SU (2), such that the gauge transformed pair
has the following simple form 
of the full theory. The result is Ω S grav = 3V 0 dc ∧ dp,
where
is the volume of the 3-manifold G with respect to the metric o q. The vector density P defines the physical metric tensor q on G. Let τ 1 , τ 2 , τ 3 be a basis of su(2) orthonormal with respect to the scalar product η, and τ 1 , τ 2 , τ 3 the dual basis of su(2) * . The orthonormal frame e 1 , e 2 , e 3 tangent to G, corresponding to P = P i ⊗ τ i and q, is determined as follows
where κ = 8πG, and G is the Newton constant. Therefore, the physical meaning of the variable p is
where V is the physical volume of G defined by the physical metric tensor. It leads to the following rescaling , and the sign of p defines the orientation. The Poisson bracket between two functions f, g ∈ C(Γ S grav ) is:
The loop quantization
In LQG the connection variable is replaced by the parallel transport variable. In the homogeneous case we consider the parallel transports along finite segments of geodesic curves in G, called edges. Let α : [0, µ] → G, µ ∈ R, be an edge. There exists ξ ∈su (2), such that η(ξ, ξ) = 1, and
Along the edge α we consider the parallel transport defined by the connection A = cω MC ,
The entries h 
(2.14)
where µ ∈] − ∞, ∞[. The quantum algebra of basic operators is defined by the commutator:
For the kinematical Hilbert space we take H kin = L 2 (R Bohr , dµ Bohr ), where R Bohr denotes the Bohr compactification of the real line. The space is the completion of the vector space of the formal finite linear combinations of elements of the basis {|µ : µ ∈ R}, endowed with the hermitian scalar product defined by
The action of the fundamental operators is defined as follows:
µ|µ and e iμ c 2 |µ = |µ +μ (2.17) catmu 3 Dynamics
Classical picture
The gravitational terms in the diffeomorphism and, respectively, Gauss constraints read:
Each pair (A, P ) defined in ( ss 2.5), satisfies automatically
Hence, the latter property (
2) follows from the symmetry assumption only. The consequence is, that in the presence of matter, the corresponding matter terms of the Gauss and, respectively, diffeomorphism constraint have to vanish separately.
The gravitational part C grav sc (N ) of the scalar constraint (the time evolution generator) has the following general form
Substituting the variables ( ss 2.5) and N = const one would get the following simple formula
Quantum picture: preparation
Our aim is to mimic the quantization scheme used in LQG. Therefore we go back to the LQG form of the scalar constraint ( LQGscalar 3.3). According to LQG, the curvature F in the scalar constraint should be expressed by the holonomy map, the parallel transport functions along suitable closed loop. The functions are well defined operators in the kinematical Hilbert space. Next, in LQG, each loop is shrunk to a point. The limit of the corresponding scalar constraint operator exists in the dual space, the space of diffeomorphism invariant linear functionals. In LQC, on the other hand, the diffeomorphism constraint is solved on the classical level, the solutions are given in a fixed gauge (we choose one representative ( ss 2.5) from each diffeomorphism equivalence class). As the consequence, the quantum scalar constraint operator has to be defined directly in the kinematical Hilbert space. To preserve the analogy with LQG, in LQC we quantize the scalar constraint replacing the curvature components by suitably chosen parallel transport operators. However we stop shrinking the loops at the stage when they reach the minimal, non-zero area allowed by the LQG.
In what follows we use the following decomposition
e b j we assign a two dimensional plane
and the parallel transport h (µ) ij along its contour defined by the connection ( ss 2.5). The contour is a square, consisting of the four geodesic edges of equal length, each orthogonal to the neighbors. The parallel transports along the segments can be calculated using ( holonomy 2.13). 3 The result is
On the other hand, the curvature is
and, as expected,
However, as we have already mentioned, we are not going to shrink the loop to a point. Following
15
[6] we will stop the shrinking at µ =μ when the physical area of the loop reaches the minimal non-zero area eigenvalue a 0 11 [3] , and replace the curvature component by 2
To calculate the physical area of the surface S (µ) ij note that its intrinsic geometry is flat. Indeed, consider the coordinate system (s, t) defined on S (µ) ij and the corresponding vector fields ∂ s and ∂ t tangent to S (µ) ij . They are commuting Killing vectors of the physical metric q defined on G. Therefore the components of the induced metric tensor are constant on the surface due to the vanishing of the following Lie derivatives
A, B, C = t, s.
3 Seemingly, one of the edges α3(t) = e −tτ i e µτ i e µτ j is an integral curve of a right invariant vector field, whereas ( edge 2.12) defines an integral line of a left invariant vector field, however we should remember that e tξ g = ge
In the point of G corresponding to the identity of the group structure, it is easy to compute
Therefore, the area of the surface S (µ) ij is just
This implies the following condition on the valueμ of the parameter µ is
Alternatively to the square S (µ) ij , we could consider S ′ (µ) ij = {e sτ j e tτ i : 0 ≤ s, t ≤ µ}, but the resulting replacement for the curvature is not sensitive to that ambiguity.
Going back to the scalar constraint ( LQGscalar 3.3), we will still take advantage of the special form ( ss 2.5) of our variables (A, P ), namely, in the symmetric case we have the following extra identity 11) where the second term is a constant (independent of the dynamical variables). Taking all that into account, we derive the following LQC modification of the gravitational term of the scalar constraint:
12) scalar withμ being defined in ( mubar 3.10). Intentionally we wrote the latter expression in the way manifestly negative definite, and we will preserve that property by suitable quantization of the constraint.
We are done as far as expressing the curvature is concerned. In LQG we make one more trick: the factor
3) which requires the special care due to the denominator, is expressed by functions written in the form h −1 {h, V }, where h is a parallel transport function (of the variable A) and V is the 3-volume function (of P a i ). In our case all that factor is proportional to the |p|, hence it is well defined. However, for the sake of analogy with LQG, for the quantization we will write |p| in the following exact form:
Consequently,μ is the one defined in ( mubar 3.10).
Quantization
After that preparation we are in the position to define the quantum scalar constraint. However, as one could see, yet a new type of functions has emerged, namely the function e 
To define the action of the operator exp(iμ c 2 ) we just need to relabel the basis |µ is the following way Remarkably, the parameter ν and the operator ( Using (2.16) and (3.15) we get formula for eigenvectors and eigenvalues of the volume operator:V |ν) = V 1 |ν| |ν),
Hence, the operator exp(iμ c 2 ) is just the shift in the volume eigenvalue for the unit V 1 , increasing or decreasing the volume depending on the orientation of the frame P (the sign of ν).
We also extend our definition in the obvious way:
where b is an arbitrary real number.
We are now in the position to define the operator corresponding to the factor |p|. Using (3.13) we get: This operator turns out to be diagonal in the basis |ν). Equations (3.18) and (3.19) give us following formula:
The next component of the future quantum scalar constraint operator corresponding to ( scalar 3.12) is an operator corresponding to the factors sin (μ( 1 2 − c)) /μ. With the due care, using the U operator (see U 3.18) we define:
Since this operator does not satisfy the reality conditions, it is not symmetric. However it can be used to define the symmetric scalar constraint operator, as follows (we take N for the constant lapse function equal 1): 
3.22) in the domain
where the elements of the basis {|µ : µ ∈ R} ( catmu 2.17) were relabeled using the parameter ν : R → R ( The action. The operator can be written in the form of the difference operator,
where C −4 , C 0 , C 4 are some functions of the variable ν acting by multiplication, that is |ν) → C I (ν)|ν), I = −4, 0, 4 and U ±4 are the shift operators defined in (
Similar properties of the action are well known from the k = 0 case. Due to them the evolution equation involving the gravitational part of the scalar constraint operator turns into a difference equation, with the step being a multiple of the volume difference 4V 1 ( 
Indeed, the inequality follows from the obvious inequalities The decomposition into preserved subspaces. We will continue the analysis of the scalar constraint operator using decomposition of the Hilbert space into separable, preserved subspaces. The operatorĈ grav sc preserves every subspace
where ǫ is an arbitrary real number. We have the following orthogonal decomposition into preserved subspaces:
Discreteness. Since physicists often mean some weaker definitions of the discreteness, let us be very precise here: given an essentially self-adjoint operator X defined in some domain D in the Hilbert space H, we say its spectrum is discrete whenever the following conditions are satisfied:
• there exists a basis of H consisting of the eigenvectors of X,
• for each eigenvalue the corresponding eigenvectors span a finite dimensional subspace,
• for every finite interval I of R, the set of the eigenvalues of X contained in I is finite.
Going back to the case at hand:
Proposition 3 For each of the subspaces H ǫ , the restricted operatorĈ grav sc : H ǫ → H ǫ considered as an essentially self-adjoint operator in the Hilbert space H ǫ has a discrete spectrum.
Estimate on the number of eigenvectors We need some more notation. Given a self-adjoint operator X in a Hilbert space H, a number λ ∈ R and inequality relation ι = >, <, ≤, ≥ we will denote by P Xιλ : H → H the spectral projector of X onto the interval {x ∈ R : xιλ}. The image will be denoted as follows
We are in the position to state our next result: 
for arbitrary E > 0 where
Since the operators A ′ andÃ act just by multiplication by functions (see ( where the function operator C 0 is the same as in ( C2 4.2). Obviously, the operator C 0 is essentially self-adjoint in the domain D. Therefore, it would be enough to show that 
true for arbitrary pair of vectors, elements of a Hilbert space, one can check that 
where f 0 is a constant, f 1 is some function of a compact support, and f 2 (ν) ≥ 0 for every ν. That form is sufficient to conclude the condition ( 
for operator B.
SupposeĈ grav sc Ψ 0 = 0. We will prove that the only possibility could be
But that possibility is ruled out by checking by inspection, that
Let Ψ n ∈ D, n = 1, ..., ∞ be a sequence such that ( The second equality, due to the closedness of the domain of |p|, implies that the vector Ψ 0 belongs to the domain of the self-adjoint extension, Ψ 0 ∈ D |p| . In the consequence,
The only solution is Ψ 0 = b|0).
That completes the proof. • On the domain D the following inequality holds
• The operator B is essentially self-adjoint in D,
• A, as an operator defined in D(A), is self adjoint, positive and has discrete spectrum.
Then B is also positive and has discrete spectrum. Moreover, the following inequality holds for arbitrary
Proof. Fix arbitrary λ ≥ 0 and the corresponding Hilbert space H B<λ . Given any δ > 0 consider the projection
We will show that its kernel is trivial. Then it is clear that
Suppose Ψ 0 belongs to the kernel of ( proj 4.14) and Ψ 0 = 1. All the subspace H B≤λ is contained in the domain of the self-adjoint extension of B, that acts on this subspaces as a bounded operator BP 0≤B≤λ−δ ′ with the upper bound λ. Hence,
Ψ 0 may not be in the common domain D. However, since B is essentially self-adjoint on D, there is a sequence of vectors Ψ n ,
It follows that
On the other hand, for every n, we have
On the right hand side of the inequality decompose
Note, that each Ψ ≤ n belongs to the domain of the self-adjoint extension of A, therefore so does Ψ > n . Now,
0 , Ψ 0 = 1 and projection P A>λ+δ is continuous. Finally, taking the limit of ( key 4.15) we find
The contradiction shows the kernel of projection ( proj 4.14) is empty. However, since the spectrum of A is discrete, we have 5 Closing remarks and local difference between the SU(2) and SO(3) universes.
Perhaps we should explain what exactly the initial technical difficulty in the LQC closed FRW model was, that we solved in this paper. In the previous attempts, the loop used to replace the curvature component was somewhat complicated, that made calculations unmanageable. We have found a neat analog of a flat square in SU (2) , that fits the framework much better (see the contour S µ ij in Section 3.2). We fixed a background metric tensor in SU(2) (SO(3)) corresponding to the sphere of radius 2. Unlike in the flat case, that metric can be naturally distinguished. It provides the fiducial volume V 0 and the parameter ℓ 0 = V 0 1/3 ( V_0 2.8) present in our formulae. The value of ℓ 0 labels the SU(2) and the SO(3) cases. Note, that the "quantum of volume" 4V 1 ( nu1 3.17) defined by the quantum hamiltonian evolution is ℓ 0 invariant. So one could think that the two cases are locally not distinguishable by the quantum evolution. That conclusion would not be correct. In fact, a given eigenvalue of the volume operator (or, equivalently, the operatorp ( catmu 2.17) defines on SU(2) the geometry locally different then the geometry it defines on SO(3). Therefore the jump 4V 1 in the total volume has different meanings from the point of view of the local geometry on SU(2) or SO(3) respectively. That shows, that even making local observations of the quantum expansion of our universe we should be able to tell between the two topologies! The fact that 0 is not an element of the spectrum of the scalar constraint operator of the gravitational field for any of the super selection sectors, means that there are no quantum vacuum solutions (without the cosmological constant). That is in the agreement with the classical theory.
Our results on the properties of the gravitational field scalar constraint operator give a good insight for the analysis of the solutions of the full quantum scalar constraint of the gravitational field coupled with the matter, with or without the cosmological constant. We will demonstrate it in the coming paper.
